The Wilson-Dirac operator in four dimensions with gauge group SU (2) is real if the fermions are in a representation of half integral isospin. This could be useful for test cases in numerical work, making SU (2) significantly less demanding computationally than QCD. In the context of the overlap a simple mechanism for Witten's SU (2) anomaly is conjectured. Also, it is suggested that the chiral model with one SU (2) multiplet of isospin 3 2 is an attractive target for numerical study with the help of the overlap.
1
2 fermions is equal to its complex conjugate up to conjugation by a unitary matrix. Although the mathematics is trivial, that one can find a basis in which the Wilson-Dirac operator is real, seems to me an under-appreciated fact in the lattice community. At least in numerical work, inverting the real matrix should require less real floating point operations. Clearly, efficient code may exploit effective reality also in complex notation, so one has to wait for an implementation and compare to see if real gain has been made. When writing code for a generic machine in a high level language, the real form below should be useful.
One should consider SU (2) as a precursor to heavier QCD work, in particular now that "unquenching" seems to become feasible. We may learn things that we ought to know before jumping straight into QCD. Another area where SU (2) is of interest is in the context of chiral gauge theories, via the overlap [1] . Chiral gauge theories based on SU (2) have a real measure and therefore should be attempted first, once four dimensional overlap tests are contemplated. In this sense the situation is even better than in two dimensions, where the overlap was tested on a chiral model that had a real fermionic determinant in the continuum, but not on the lattice. To be sure, there will be some sign switches, so there is the potential for a deadly "sign problem".
For the following, it is useful to adopt a direct product notation: The vector space V, the Wilson-Dirac operator D W acts on, is over the complex numbers and can be viewed as a direct product of three spaces, V = V 1 ⊗ V 2 ⊗ V 3 . V 1 ⊗ V 2 is four dimensional, each factor being two dimensional. This space carries the representation of the Euclidean γ µ matrices and reflects the underlying SU (2) × SU (2) structure. V 3 can be further decomposed,
, where the two dimensional V g carries isospin and the N dimensional space V x is associated with the site dependence of the fermion field; typically, N = L 4 where L is the number of sites of the lattice in one direction.
When confusion is unlikely I shall follow the standard practice of suppressing factors of operators that are unity in the respective space. The main step is exploiting the reality of the representation is that we use the first factor, V 1 , for making explicit the block structure associated with the chiral representation, and we don't want to spoil that.
Let me start from the Wilson-Dirac matrix in usual notation:
All indices are suppressed. The γ µ are Euclidean γ matrices in a representation to be soon defined. The T µ are given by:
We always work on a lattice with the topology of a torus, and take each side of equal length, L, for simplicity. The real, unitary matrices T µ only act on V x implementing cyclic shifts by one step in the µ-direction, round the torus. The unitary matrices U µ are diagonal in V x and the diagonal blocks are labeled by the site x and act in V g via matrix multiplication
by the SU (2) unitary matrix U µ (x). As a consequence of the unitarity of T µ U µ we have
, where the last expression may look more familiar than equation (1) . Note that T µ and U µ do not commute.
, where the matrix a and the three matrices b k are real, while the three two by two matrices σ k are
Pauli matrices acting on V g . Thus, the single places where the complex quantity i appears are: explicitly, buried in σ 2 on V g and buried inside the γ µ acting on V 1 ⊗ V 2 . We choose the following chiral representation for the γ matrices:
The chirality of the representation is reflected in the off-diagonal character of the first factors (acting on V 1 ) above. We rewrite D W as follows:
The last factor in each term acts on V 3 . The matrix B is hermitian and the matrices W µ are anti-hermitian. We now define the unitary conjugation matrix Φ by:
The matrix ρ acts on V by
where
The matrix φ acts on V by
where V 3 was represented in factorized form as
The collection of four γ µ matrices, becomes, under conjugation, nontrivial in all three first two dimensional factors, V 1 , V 2 , V 3 . Thus, they are now 8 × 8 matrices, but real.
Any operator X in V g ⊗ V x which decomposes as T µ (or a real linear combination of such) obeys:
The action of the tilde is defined on any operator X on V 3 bỹ
In (11) the matrix ε essentially plays the role of complex i and the operators which appear commute with the new γ ′ matrices. The Wilson-Dirac operator is now given by:
The matrix D is explicitly real. One may think that one can now simulate an SU (2) gauge theory with a single Dirac fermion on the computer using HMC, because the pseudofermions could be taken real producing the square root of det D 2 . This is not completely correct because it would amount to simulating a theory with | det D| in the measure, not the desired det D. Sign changes occur because, in practice, one simulates at finite gauge couplings and this, in turn, requires m to be negative in (1) if one wishes a finite physical mass for the fermion. In principle, if one could go to very small gauge couplings 1 β , and one were interested in a positive fermion mass, this problem would not occur. The sign of the physical mass is defined only relatively to the θ parameter, which we assumed set to zero. Clearly, it seems to matter a lot whether, for an assumed positive fermion mass, we wish to work at θ = 0 or at the other parity invariant value, θ = π.
The matrix γ 5 is given by σ 3 ⊗1 before and after the transformation. The Hamiltonian matrix used in the overlap, H, is given by γ 5 D W and becomes H ′ after the transformation.
H ′ is both real and hermitian, hence symmetric. All the eigenvectors of H ′ can be chosen real. Thus, the overlap itself is real. This means that a theory representing a single Weyl doublet in interaction with the SU (2) gauge field, has a real fermion determinant on the lattice just like in the continuum. Under gauge transformations sign switches can occur.
This is how Witten's anomaly [2] will be reflected on the lattice. On the basis of a recent paper [3] we suspect that these sign changes can be associated with degeneracies of H ′ at zero energy of codimension 2 in this case (conical degeneracies [4] ).
Such degeneracies are known to occur in the continuum by Witten's argument. What we need here is made explicit in what follows: Consider first the massless Dirac operator, in Euclidean continuous space, made hermitian and real. We take space as a torus of size l in each direction. Let us label the space-time points by four vectors ξ. Fixing ξ 4 , we have a three torus which can be mapped into SU (2) with unit winding [5] :
This choice preserves the symmetry under discrete rotations compatible with the three torus. Now, following a formula due to Goldstone, presented in [6] , we introduce a gauge transformation depending on all four coordinates:
This map cannot be deformed to unity. Witten's paper implies that as the vector potential associated with G is deformed to zero a conical singularity will occur in the massless Dirac operator somewhere along the way. It is trivial to put G on the lattice, and to again define a link by link interpolation to unit link variables everywhere. Now, in addition to the deformation parameter, we also have m at our disposal. To be definite, we choose m = −1 and start increasing it towards zero. For positive m, H ′ has a gap at zero [1] and nothing can happen. However, the smoothness of the gauge configuration in (15) implies that in the limit of infinite L the continuum conical singularity must appear at zero m. It cannot come from nowhere, so it must be somewhere in the plane spanned by the real deformation parameter and negative m. Thus, the overlap will have to reproduce the Witten anomaly. I hope to come back in the future with an explicit numerical check of the above argument.
While SU (2) gauge theory with a single Weyl fermion of isospin 1 2 is inconsistent because of the global anomaly, if the isospin is 3 2 , the problem disappears. For integral isospin the theory would be vector like since one can easily write down a gauge invariant mass term. Thus, taking one Weyl fermion of isospin 3 2 is the simplest consistent chiral model with a positive fermion determinant (in the continuum) that I can think of. The technique of this paper would make the Wilson-Dirac matrix real also in that case. One could attempt to deal with it numerically, using the truncated overlap (which also contains a large number of heavy flavors [7] ) but with real pseudo-fermions, since taking the square root is permitted in the continuum for all gauge fields. Another square root needs to be taken to go from a single Dirac multiplet to a single Weyl multiplet. A similar approach to the 11112 model in two dimensions [8] yielded correct continuum results. In four dimensions we no longer have an exact solution in the continuum, and actually, the properties of the model are not easy to guess. Thus, the results of a numerical analysis would be quite interesting in themselves, beyond providing a four dimensional test case of the overlap.
